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Abstract
In this paper, we introduce a new equivalence relation, ampliation quasisimilarity, onLðHÞ;
more general than quasisimilarity, that preserves the existence of nontrivial hyperinvariant
subspaces. We show that if T does not have nontrivial hyperinvariant subspaces for elementary
reasons, then T is ampliation quasisimilar to a (BCP)-operator in the class C00: This reduces the
hyperinvariant subspace problem for operators in LðHÞ to a very special subcase of itself.
r 2004 Elsevier Inc. All rights reserved.
MSC: primary 47A15; 47A10
Keywords: (BCP)-operators; Hyperinvariant subspaces
1. Introduction
In this note H will always be a ﬁxed separable, inﬁnite dimensional, complex
Hilbert space, andLðHÞ will denote the algebra of all bounded linear operators on
H: If lAC (the complex plane), then the operator l  1H will be written simply as l;
and the subset of LðHÞ consisting of all operators that are not scalar multiples of
the identity operator will be denoted byLðHÞ\C: If TALðHÞ; then the commutant
of T ; denoted by fTg0; is the algebra of all operators S inLðHÞ such that ST ¼ TS:
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Recall that a subspace (i.e., closed linear manifold) MCH is called a nontrivial
hyperinvariant subspace (n.h.s.) for T if ð0ÞaMaH and SMCM for each S in
fTg0: The (presently open) hyperinvariant subspace problem (for operators on Hilbert
space) is to establish the truth or falsity of the following proposition:
ðP1Þ Every operator in LðHÞ\C has a n.h.s.
Below we show that ðP1Þ is equivalent to a very special case of itself, but ﬁrst we
must introduce some additional notation. We denote the spectrum of an operator T
in LðHÞ by sðTÞ and the essential (i.e., Calkin) spectrum of T by seðTÞ: The sets
sleðTÞ and sreðTÞ will be, as usual, the left and right essential spectra of T ;
respectively, and slreðTÞ :¼ sleðTÞ-sreðTÞ: Moreover we write spðTÞ for the point
spectrum of T (i.e., the set of eigenvalues of T) and rðTÞ for the spectral radius of T :
We write also N0 for the set of nonnegative integers, D ¼ fzAC: jzjo1g; and T ¼
@D: Recall that a subset D ofD is said to be dominating for T if almost every point of
T (with respect to Lebesgue arclength measure) is a nontangential limit of a sequence
of points from D: Recall also from the theory of dual algebras (cf., e.g., [7]) that a
completely nonunitary contraction T inLðHÞ is called a (BCP)-operator (notation:
TAðBCPÞ) if seðTÞ-D is dominating for T:
The class (BCP) has been studied extensively in the theory of dual algebras
(cf. [7, Chapters V and VIII]), and, in particular, it is known that (BCP)-operators
are reﬂexive [5], which implies that the lattice LatðTÞ of invariant subspaces of any
(BCP)-operator T is quite large. In fact, it contains a sublattice isomorphic to the
lattice of all subspaces of H [7, Chapter 10] and also contains a countably inﬁnite
family of cyclic invariant subspaces with the property that any two subspaces from
the family have intersection ð0Þ [4]. Moreover, the (BCP)-operators are, in a sense,
‘‘universal dilations’’, meaning that every direct sum of strict contractions can be
realized as a compression to some semi-invariant subspace of an arbitrary (BCP)-
operator [6]. Recall also from [17] that a completely nonunitary contraction T is said
to belong to the class C00 if both sequences fTngNn¼1 and fðTÞngNn¼1 converge to zero
in the strong operator topology and for each 0pyo1: Finally, deﬁne
Ay ¼ fzAC: ypjzjp1g: ð1Þ
Our principal result in this paper is the following:
Theorem 1.1. Let 0pyo1 be arbitrarily given, and let TALðHÞ have the following
properties:
(a) ð1þ yÞ=2AsðTÞ;
(b) the spectral radius rðT  ðð1þ yÞ=2ÞÞoð1 yÞ=4;
(c) sðTÞ is connected,
(d) sðTÞ ¼ slreðTÞ;
(e) the point spectrum spðTÞ is empty, and
(f) no ( positive, integral) power of T  ðð1þ yÞ=2Þ is a compact operator.
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Then T is ampliation quasisimilar (see Section 2) to a (BCP)-operator bT in the class
C00 such that sð bTÞ ¼ sleð bTÞ ¼ Ay and such that jj bT1jj ¼ 1=y whenever y40:
As an easy corollary of Theorem 1.1, we obtain, as a consequence of the results in
Section 2 below, that Proposition ðP1Þ is equivalent to a (perhaps more amenable, in
view of the above remarks about (BCP)-operators), subcase of itself, namely
ðP2Þ Either every (BCP)-operator TAC00 such that sðTÞ ¼ sleðTÞ ¼ D has a n.h.s.,
or there exists 0oyo1 such that every (BCP)-operator TAC00 satisfying sðTÞ ¼
sleðTÞ ¼ Ay and jjT1jj ¼ 1=y has a n.h.s.
In other words, in Section 3 we will establish the following:
Theorem 1.2. Propositions ðP1Þ and ðP2Þ are equivalent.
2. Ampliation quasisimilarity
In this section, we introduce a certain equivalence relation on LðHÞ: If n is any
cardinal number satisfying 1pnp@0; we will write HðnÞ for the direct sum of n
copies of H indexed by the appropriate initial segment of N0 (i.e., H
ðnÞ ¼
"0pkon Hk where eachHk ¼H). Moreover, for any T inLðHÞ we will denote by
T ðnÞ the direct sum (ampliation) of n copies of T acting on the space HðnÞ in the
obvious fashion. The following fact is well known, so no proof is given.
Proposition 2.1. Let T be any operator in LðHÞ\C: Then T has a n.h.s. if and only if
for some (every) cardinal number n satisfying 1onp@0; T ðnÞ has a n.h.s.
Recall next that if S and T are operators inLðHÞ; then S and T are quasisimilar
(notation: SBT) if there exist quasiafﬁnities X and Y in LðHÞ (i.e.,
ker X ¼ ker X  ¼ ker Y ¼ ker Y  ¼ ð0Þ) such that SX ¼ XT and YS ¼ TY :
The following facts are well-known; for proofs, cf., e.g., [14,16].
Proposition 2.2. Suppose that n is any cardinal number satisfying 1pnp@0 and that
fSkg0pkon and fTkg0pkon are bounded sequences of operators in LðHÞ such that for
each kAN0; SkBTk: Then bS ¼"0pkon SkB bT ¼"0pkon Tk: Moreover, bS has a
n.h.s. if and only if bT does.
We now introduce a relation on LðHÞ that may be new.
Deﬁnition 2.3. For T1 and T2 inLðHÞ; we say that T1 is ampliation quasisimilar to
T2 (notation: T1B
a
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Proposition 2.4. Ampliation quasisimilarity is an equivalence relation on LðHÞ:
Furthermore, if T1B
a
T2; then T1 has a n.h.s. if and only if T2 does. Finally, there are
operators T1 and T2 in LðHÞ such that T1Ba T2 but T1fT2:















3 by Proposition 2.2, so T1B
a
T3:
The fact that if T1B
a
T2; then T1 has a n.h.s. if and only if T2 does, follows
immediately from Propositions 2.1 and 2.2. Finally, if N is any normal operator in
LðHÞ of multiplicity one, then NBa N"N; but N is not quasisimilar to N"N
because, as is well known, two normal operators that are quasisimilar are unitarily
equivalent. &
3. The main result
In this section, we prove Theorems 1.1 and 1.2. Since ðP1Þ obviously
implies ðP2Þ; to prove Theorem 1.2 it sufﬁces to prove the converse. This
follows immediately from Proposition 3.1, Theorem 1.1, and Proposition 2.4,
applied in that order, so it is sufﬁcient to prove Theorem 1.1, since the following is
well-known.
Proposition 3.1. Let 0pyo1 be arbitrarily given. If every T in LðHÞ that has the
properties (a)–(f) set forth in Theorem 1.1 has a n.h.s., then every operator in LðHÞ\C
has a n.h.s..
Proof. If T is a given operator in LðHÞ\C; then T has a n.h.s. if and only if
some (every) operator 1=g  ðT þ lÞ where ga0 and lAC has a n.h.s.. The only
other property above that needs a word of explanation is (f), and if (f) is not
satisﬁed that T has a n.h.s. follows from Lomonosov’s theorem [15]. (Note that if for
some nAN; ðT  mÞn ¼ 0; then spðTÞa|:) &
In order to prove Theorem 1.1, we need some special cases of the
beautiful and deep theorem of Apostol–Herrero–Voiculescu on the closure of
similarity orbits of operators [3,2]. (For another exposition, see [9].) The
ﬁrst such result that we will need was proved almost simultaneously and
independently in [1,11]. For T in LðHÞ we write SðTÞ for the norm closure of
the set
fSTS1: SALðHÞ and 0esðSÞg:
Theorem 3.2 (Apostol–Herrero). Suppose TALðHÞ is an operator with singleton
spectrum fmg and no (positive, integral) power of T  m is a compact operator. Then
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SðTÞ consists exactly of all AALðHÞ such that
(a) seðAÞ ¼ slreðAÞ;
(b) seðAÞ and sðAÞ are connected,
(c) mAseðAÞ; and
(d) the Fredholm index of A  l is 0 for all l in sðAÞ\seðAÞ:
The following was proved in [11]. For a different proof, see [13, Proposition 5.13].
Theorem 3.3 (Herrero). Suppose TALðHÞ and sðTÞ is a perfect set. Then every
normal operator AALðHÞ such that sðAÞ ¼ sðTÞ belongs to SðTÞ:
The last such result that we shall need is also from [11]. See also Theorem 5.8 of
[13] for a different proof.
Theorem 3.4 (Herrero). Let T be a normal operator in LðHÞ such that sðTÞ is a
perfect set. Then SðTÞ consists exactly of all A in LðHÞ such that
(a) sðTÞCsðAÞ and sðTÞ intersects each component of sðAÞ;
(b) seðTÞCseðAÞ ¼ slreðAÞ and seðTÞ intersects each component of seðAÞ; and
(c) the Fredholm index of A  l is 0 for all l in sðAÞ\seðAÞ:
We can now complete the proof of Theorem 1.1.
Proof of Theorem 1.1. Let 0pyo1 be arbitrarily given, and let TALðHÞ\C be given
that satisﬁes (a)–(f) of Theorem 1.1. Let Ay be the annulus (or disc) in (1), and let Dy
be the disc
Dy ¼ fzAC: jz ð1þ yÞ=2jpð1 yÞ=4g: ð2Þ
By (a) and (b), we know that ð1þ yÞ=2AsðTÞ and sðTÞCDy: Furthermore, by (c),
sðTÞ ¼ slreðTÞ is either the singleton fð1þ yÞ=2g or is a perfect set. Deﬁne the
sequences frng and fsng of positive real numbers by
rn ¼ ðð4n þ 3Þyþ 1Þ=ð4n þ 4Þ; nAN0 ð3Þ
and
sn ¼ ð4n þ 3þ yÞ=ð4n þ 4Þ; nAN0: ð4Þ
Observe that frng is a strictly decreasing sequence satisfying yornpð1þ 3yÞ=4 and
inf rn ¼ y; while fsng is a strictly increasing sequence satisfying 14snXð3þ yÞ=4 and
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sup sn ¼ 1: Deﬁne next the annuli
An ¼
fzAC: ð1þ 3yÞ=4pjzjpsng; n even;
fzAC: rnpjzjpð3þ yÞ=4g; n odd:

ð5Þ
Let m denote planar Lebesgue measure on C; and for nAN0; let Mz be the normal
operator of multiplication by the position function onHn ¼ L2ðAn; mjAnÞ: Let also
NnALðHÞ be (a normal operator) unitarily equivalent to MzALðHnÞ: One checks
next that for each nAN0; sðNnÞ ¼ slreðNnÞ ¼ An; which is, of course, a perfect set
containing Dy: Thus we may apply either Theorem 3.2 (if sðTÞ ¼ fð1þ yÞ=2gÞ or
Theorems 3.3 and 3.4 (otherwise) to conclude that NnASðTÞ for all nAN0:
Therefore for each nonnegative integer n; there exists an invertible operator Sn in
LðHÞ such that
jjSnTS1n  Nnjjoð1 snÞ=2; n even ð6Þ
and
jjSnTS1n  Nnjjoðrn  yÞ=2; n odd: ð7Þ
Deﬁne cH ¼Hð@0Þ; and note that since




ð3þ yÞ=4; n odd;

a short calculation using (3), (4), (6), and (7) shows that
jjSnTS1n jjo1; nAN0:
Thus, the operator bT ¼"nAN0 SnTS1n in LðcHÞ is a completely nonunitary
contraction in the class C00; which is obviously ampliation quasisimilar to T ; and we
begin to study its spectral properties. Note that, for every even n in N0 and every
xAH; we have from (6) that
jjSnTS1n xjjX jjNnxjj  ðð1 snÞ=2Þjjxjj
X ðfð1þ 3yÞ=4g  ð1 snÞ=2Þjjxjj
X ðð2sn þ 3y 1Þ=4ÞjjxjjXyjjxjj; ð8Þ
which shows, in particular, that if y40; then for n even we have
jjðSnTS1n Þ1jjp1=y: ð9Þ
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Similarly, for n odd we have from (7) that
jjSnTS1n xjjX jjNnxjj  ððrn  yÞ=2Þjjxjj
X ðrn  fðrn  yÞ=2gÞjjxjjXyjjxjj; ð10Þ
which shows that if y40 then (9) is also valid for n odd, and thus, in particular if
y40; that bT is invertible and
jj bT1jj ¼ sup jjðSnTS1n Þ1jjp1=y: ð11Þ
We also conclude from this that whether or not y40; we have seð bTÞCsð bTÞCAy; as
desired.
Next, we will show that sleð bTÞ ¼ sð bTÞ ¼ Ay; and thus that bT is a (BCP)-operator.
To this end (whether or not y40), let l0AAy (the interior of Ay) be arbitrary. Then,
since inf rn ¼ y and sup sn ¼ 1; there exists a positive integer K0 such that either
(a) l0AAk for all even kXK0; or
(b) l0AAk for all odd kXK0:
Since sleðNnÞ ¼ An for all n in N0 by construction, we obtain, in the case that (a) is
valid, a unit vector xnAH such that jjðNn  l0Þxnjjo1=n for all even nXK0; and
similarly in case (b) is valid. Now deﬁne for each even or odd nXK0; depending on
whether (a) or (b) is valid, the vector bxnAcH ¼Hð@0Þ by taking the component of bxn
in the nth copy ofH incH to be xn and all other components to be zero. It is obvious
that the family
fbxnAcH : nXK0; n even or odd depending on whether ðaÞ or ðbÞ is validg
is an orthonormal family, and it follows from the inequality
jjð bT  l0Þbxnjj ¼ jjðSnTS1n  l0Þxnjj
p jjðNn  l0Þxnjj þ jjSnTS1n  Nnjj
p ð1=nÞ þmaxfð1 snÞ=2; ðrn  yÞ=2g
that jjð bT  l0Þbxnjj-0 and thus that l0Asleð bTÞ: Since sleð bTÞ is closed,
AyCsleð bTÞCsð bTÞCAy: ð12Þ
Finally, we note that if y40; then jj bT1jj ¼ 1=y by (11) and [12]. &
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4. Remarks
(1) It is clear from (6) and (7) that by some additional epsilontics, we could have
chosen bT in Theorem 1.1 so that jj bT "nAN0 Nnjj would be as small as desired. In
other words, bT may be chosen to be arbitrarily near to a normal operator in the class
C00-ðBCPÞ; and this hypothesis could be added to ðP2Þ:
(2) It is clear that the same technique as employed above yields other reductions of
the hyperinvariant subspace problem for various classes of operators. For example,
here is a result that appears in [10].
Theorem 4.1. If every nonzero quasinilpotent operator Q in LðHÞ with the property
that QQ has an infinite dimensional reducing subspace M such that QQjM is a
compact operator has a n.h.s., then every nonzero quasinilpotent operator in LðHÞ has
a n.h.s.
(3) (Added in proof). Based on the results in this paper, a further reduction in the
hyperinvariant subspace problem was very recently made in the paper ‘‘(BCP)-
operators and the hyperinvariant subspace problem’’, authored by S. Hamid and
C. Onica. In particular, the following result was established: There exists a block
diagonal, C00; (BCP)-operator T inLðHÞ with sðTÞ ¼ sleðTÞ ¼ D such that if every
operator of the form T þ K has a n.h.s., where KAK and jjK jjoe; then every operator
in LðHÞ\C has a n.h.s.
(4) (Added in proof). It is well known and easy to see that HlatðTÞ and HlatðT ð@0ÞÞ
are lattice isomorphic, and no more difﬁcult to observe that the operator
Tˆ ¼"nSnTS1n constructed in the proof of Theorem 1.1 has a lattice HlatðTˆÞ of
hyperinvarient subspaces that is also lattice isomorphic to these two lattices.
Thus, the map T-Tˆ produced by the construction in Theorem 1.1 actually
preserves the lattice structure of HlatðTÞ: Hence, every T inLðHÞ satisfying (a)–(f)
of Theorem 1.1 has the same hyperlattice structure as the ðBCPÞ-operator appearing
in ðP2Þ:
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